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Abstract 

We construct Calabi-Yau geometries with wrapped D6 branes which reahze M = 1 
supersymmetric Ar quiver theories, and study the corresponding geometric transitions. 
This also yields new large dualities for topological strings generalizing topological 
strings/large N Chern-Simons duality. Lifting up to M-theory yields smooth quantum 
geometric transitions without branes or fluxes, in the context of G2 holonomy manifolds. 
In addition we construct a linear sigma model realization which is relevant for the world- 
sheet theory of superstrings propagating in local manifolds with G2 holonomy, and obtain 
mirror geometries for this class of supersymmetric sigma models. 
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1. Introduction 



Type II strings compactified on Calabi-Yau threefolds have been an extremely fruitful 
arena for interaction between string theory and quantum field theory. In the context of 
M = 1 supersymmetric theories this involves in addition wrapped spacetime filling branes 
or dual descriptions involving fiuxes through non-trivial cycles. 

Both type IIA and type IIB pictures have proven to be useful in this regard: Type IIB 
is useful because the dual descriptions involving fluxes yield exact results for the vacuum 
geometry of the corresponding field theory as there are no relevant instantons to modify 
the classical picture. This idea has been shown to be rather powerful in a number of 
examples . On the other hand the type IIA description has also proven to 

be useful. The Seiberg-like dualities are often more manifest in that formulation as 
there are no worldsheet instantons modifying the structure of Lagrangian cycles that D6 
branes wrap. Moreover the lift of this picture to M-theory gives the large N dualities/ 
gaugino condensation phenomena a completely geometric description without branes or 
fiuxes P,P, p!0| , pT[] . One goal of this paper is to provide a type IIA setup which mirrors the 
type IIB constructions of Along the way we will propose some large dualities 

which are relevant for open topological strings, generalizing the one proposed in |T^ to 
some other non-trivial examples. Furthermore, we find a linear sigma model realization of 
superstring propagation in the background of local G2 holonomy manifolds. Moreover we 
derive a mirror description of the same geometry. 

Geometric engineering of similar M = 1 QFT's in the context of M-theory on G2 
holonomy manifolds has recently been considered in . 



2. Review of geometric transition with branes 



m 



In [jT|, by embedding the large Chern-Simons/topological string duality [12 
superstring theory, the theory of A^ D6 branes theory on the in M.c = T*S^ was 
conjectured to be dual to theory on the small resolution of the conifold Mk = 0{—l) + 
0(— 1) P"*" with A^ units of RR fiux through the P"*" . Let s be the (complexified) size 
of the P"*" and Y = — + iC where V is the size of the the D6 branes wrap and C the 

9s 

corresponding vev of the 3-form gauge field on S^. It was shown in [0 that s and Y are 
related by 

1 - e-^ = e-^/^. 
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At large ^ 1, the grows a finite size. The large N duality is a geometric transition, 
as the two geometries Aic and A4k are related by conifold transition. 

Below we will consider generalization of this duality to more complicated geometries 
in type IIA compactifications. We will subsequently make contact with geometric transi- 
tions and gauge theory dualities in the context of type IIB string theory compactifications 
studied in We begin by reviewing the geometry of 0] . 

2.1. A geometric transition 

We can describe J^k as a Higgs branch of a U{1) gauge theory with four supercharges, 



and four chiral fields x^, i = 1, . . . , 4 [14| . The D-term potential is minimized at 



I |2 I I |2 I |2 I |2 
Fl| + F4| ~ F2I "~ Fsl =S 

SO that xi^4 have charge +1 and ^2,3 charge —1, under the U{1). Here and in the following, 
the FI parameters s, when combined with the corresponding ^-angle become complexified. 
We continue to call the complex quantity by the same symbol. Of course the real part of 
that quantity appears in the D-term equation (i.e. it is understood in the above formula 
that we mean Re{s) rather than s on the right hand side). Now consider the complex 
structure of A4k- Let x,y,u,v be the gauge invariant variables, x = X1X2, y = X3X4, u ~ 
X1X3 and V = X2X4. They satisfy one relation 

xy = uv. (2.1) 

We can view A^KasaC*xC* fibration over the z plane 

xy = z, uv = z, 

where fibers degenerate at 2; = 0. The two U{1) isometries of C* x C*, correspond to 

x,y,u,v ^ xe'^'' , ye"'^'' , ue"^" , ?;e~*^" , 

and act on the x^'s as: (xi, X2, X3, X4) {xie~'^^^'^~^''\ X2e'^^°- , xse~'^^'' , X4). This resolves 
the fixed point set as follows: 



x=0 



x=0 



a+b 



Xj=0 



x=0 



Fig.l The figure depicts the fixed point locus of the U (1) isometries. Both degenerate over 
z = x\X2X3X4 = 0. For example, U{l)a degenerates over x = Q at y arbitrary, which is a 



line \x4\ 



|a^3p + s, and y = and x arbitrary where \xi\ 



\X2\ 



We can alternatively consider Aix as a fibration over R^-|-, as in [|T5| , p!6[] . The 
base of the fibration is a space of solutions to D-term equation with | variables, 
out of which three are independent. The fiber is a torus of phases of Xi modulo the 
gauge group. The C C* x C* together with another phase which can be identified 

= r + a 



with that of z are the T fiber in the description of [|T6[ . Putting \xi\ 
for all i solves the D-term equations for any r if c^'s do, and the radial coordinate r 



corresponds to ITj]. We will subsequently use the two pictures interchangeably . 

Taking s to zero, the P"*^ in goes to zero size and the manifold is singular. 
Continuation to negative values of s leaves us within the moduli space of J^k as 
the physics is controlled by the complexified s, and so the singularity can be avoided 
|]T^,|T^. While the original has negative area, there is a different curve whose 
volume is positive. This is a fiop. 
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Fig. 2a: This figure depicts a toric base of a flop where one slirinks and anotlier one 
grows. 

However, at s = 0, a new phase opens up via a transition to a topologically 
distinct manifold A4c = T*S^, obtained by deforming (2.1) to 

xy = uv + a 

The fixed point set of U{l)a and U{l)b do not intersect any more: 



Fig.2h: Writing xy = uv + a as xy = z + a ,uv = z, tfie fixed point locus ofU{l)a, x = = y 
is at z = —a. Also, U{l)b degenerates over u = = v which is at z = 0. 

Putting y = x,v = —u, we see that Aic contains an given by |xp + |wp = a. 
The is a hne in the z plane between z = and z = —a, together with the 9a and 
9b circles that degenerate over its endpoints. 

2.2. Large N duality 

Let 5" denote the expectation value of the gaugino bilinear of the Af = 1 SYM 
theory on the D6 brane, 5" = (TrW^), where W is the gaugino superfield. At low 
energies, the SU{N) subgroup of the U{N) theory confines, and there is a gaugino 
condensate, S 0. As shown in , this generates an effective superpotential of 

the four dimensional theory given by 



a 



b 



Z=0 



z=-a 



oo 




(2.2) 



h=i 
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where F^^ is the topological A model open string partition function at genus-zero 
with /i- holes. 

On the other hand [2^,21] the RR two- form flux through the S'^ of the small 
resolution generates a superpotential given by 

W^(s)=N^ (2.3) 

OS 

where Fq is the genus zero partition function of the closed string topological A model. 
Here s is the complexified volume of the P-*^. It was shown in that the duality of 
fl^ can be interpreted by identifying S = s which would yield 

W'^ = W^. (2.4) 

This relation has been further elaborated in . 



3. Transition (/ii,i, /i2,i) = (2,0) ^ (1,1) 

Let us now consider a more complicated situation by embedding the above tran- 
sition in a geometry that is more complex. Consider M.K-, realized by linear sigma 
model, given as: 



\xi 




0:4 









F2 



2|iC4| 



F5| 



(3.1) 



modulo the C^(l)^ actions, whose charges can be read off from the above equations 
as being given by 

= (1,-1,0,1,-1), = (0,0,1,-2,1). 

There are two Fayet-Iliopolous parameters s, t controlling the geometry, so /ii,i(A^x) = 
2. The geometry of the C* x C* fibration is as follows: 



x=0 




x=0 



x=0 



x=0 
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Fig.3; The toric projection of the geometry of a local 3-fold with /j.2,i) = (2, 0). 

We can reduce the geometry here to the one we discussed in the previous section 
in the t — > oo hmit. The parameter s controls the volume P-*^ whose normal bundle 
is 0(— 1) + 0(— 1) geometry. A4k is smooth as long as s and t are not zero. For 
s = 0, M.K develops a conifold singularity at xi = = a;2 = a;4 = x^. The complex 
structure oi Mk is 

uv — xy^, 

where x, y, u, v are gauge invariant coordinates, 

X = xiX2, y = XSX4X5, u = XlX^^x\, v = X2x\x4^. 

Let p = u/y = xix^/xs, which is gauge invariant and good variable for xs ^ 0. In 
terms of p we can write AIk as 

vp = xy, 

so in this patch the conifold singularity is visible. The transition to A4c is made by 
deforming the complex structure of the local singularity as 

vp = xy + a. 

The deformed manifold A4c contains a single whose size is set by \a\. The manifold 
has (/ti,i,/t2,i) = (1, 1). 
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Fig.4; Blowing down the manifold Mk with /i2,i) = (2, 0) to a singular manifold and 
deforming the manifold to Mc with /j-2,i) = (1, 1) • 

3.1. D6 hranes on in Mc 

We consider D6 branes on in M.c- The is isolated so the massless 
fields on the D6 brane are described by a four dimensional A/" = 1 SYM theory with 
gauge group U{N). However, while the geometry is locally that of T*S^, the global 
geometry of the manifold is more complicated. In particular, h^'^{M.c) 0) this 
can affect the A- model amplitudes. 

The A-model amplitudes are given in terms of holomorphic maps of string world- 
sheets into the Calabi -Yau, and with boundaries on the D-branes. In the case of 
T*S^ the only such maps are the degenerate ones, coming from the boundaries of 
the moduli space. 

This may appear to be the answer for any finite value of t as well. This is because 
while A4c has a Kahler modulus parameterized by t, there is no holomorphic curve 
representing this class. We can write p in (3.2) as p = pi/p2 with homogeneous 
coordinates {pi, P2) € P"*^, so 

vpi = {xy + a)p2, 

(3.3) 

up2 = ypi 

It follows that a curve which is holomorphic near its north pole, p ~ 0, blows up near 
the south pole, and vice versa. For example, one can identically satisfy the last of 
the two equations in (3.3), everywhere on the curve, by putting u — y — — x, but 
then we have 

V = a/p, 

which has a pole in the at p = if o is not zero. 

However, while the holomorphic P"*^ does not exist when the 5*"^ is finite size, 
in the presence of branes on the 5"^, there are holomorphic disks in Aic with 
boundary on the S^. The is given hj v = p and x — —y in A^c". There is a disk 
at u = — y = X, given by |pp > a that has a boundary at |p|^ = a on the 
which is holomorphic. By deformation of this disk to a closed sphere, while ending 
on the Lagrangian D6 brane (as can be seen from Fig. 5) it follows that it has Kahler 
volume given by t. 
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3.2. Relation to D6 branes in 



Note that in the hmit where the size \a\ of the is taken to infinity, the 
Lagrangian submanifold degenerates to C x S"^ and TWc to C^. In this hmit one can 



expect to reproduce the results of |]T^ , where disk instantons were found to generate 
superpotential. 

To explain this consider the embedding of the S^inAic in more detail (see Fig. 5) 
Two of the U{1) isometries of Aic, are generated by (x, y, p, v) (x, y, pe~'^^°- , ve^^"-) 
and p, f) — > (xe*^'', ye~*^^ p, f ). For z = xy = pv — a, the 6a and 6b circles 

degenerate over z = —a and z = respectively, and together with a line in z plane 
connecting the two points form the 5"^. 

Thus, near z = ~ 0, the 5"^ looks like C x S-*-, where the 5"^ corresponds to 
6a. Taking the fixed point of this isometry, located at ^ = —a, to infinity, the con- 



figuration is exactly that of |jT^,^. The primitive holomorphic disk that generated 



the superpotential in |]2^ goes over to the holomorphic disk constructed above for 
the finite size (see Fig. 5). Furthermore, since the two configurations differ by 
variation of complex structure, the parameter a, the A model amplitudes in the two 
cases should be related, modulo potential contributions from boundaries of moduli 
spaces (degenerate maps which "feel" the infinity on 5''^). 

In this geometry there is in fact a whole family of Lagrangian 3-cycles, with 
topology of or x which is depicted in Fig. 5. 




Fig.5;Tiiere is a family of Lagrangian 3 cycles with topology and x 5^ that can be 
deformed to each other. In the quantum theory (taking worldsheet instantons into account) 
they are smoothly connected. 



The Lagrangian submanifolds can be deformed to each other continuously and in 
particular they represent the same 3-cycle class, by varying the height on the ladder it 
ends on (see Fig. 5). Note that classically the configurations look very different, and 
do not represent special Lagrangian submanifolds. Roughly speaking minimal volume 
of the brane projects to the shortest length on the toric base. The only one which 
is classically stable is the depicted at the top of Fig. 5. The class with topology 
5"^ X 5"^ is almost stable, namely if we consider sliding the brane far down the ladder 
it becomes supersymmetric (as if it is wrapping an S"^ x 5"^ in K3 x C*). Note that 
the one with the topology of has no moduli, whereas the Lagrangian submanifold 
with topology of S'^ x has a one-dimensional moduli space (as expected from the 
fact that bi = 1 [^). This one dimensional moduli space of 5"^ x 5"^ corresponds to 
sliding it up and down the ladder in the above figure. As we will discuss in the next 
section, when we consider the effects of worldsheet instantons, all the above branes 
are smoothly connected as we vary moduli. Moreover for any given moduli, there is 
a unique stable brane, which in the classical limit gets identified with the drawn 
at the top of Fig. 5. 



4. D5 branes on the mirror Wc 



In [|16| , |22[| we studied mirror symmetry of D6 branes wrapped on non-compact 
special Lagrangian submanifolds of topology C x S"^ on C^. We have seen in the 
previous section that this theory arises as a limit of D6 brane theory on and 
the one on S'^ x in TWc" in a suitable limit. Mirror symmetry allowed us to 
compute the disk amplitude for the D6 branes using topological S— model, where 
the superpotential is computed from classical geometry. In this section we will use 
mirror symmetry to compute the A model disk amplitude for the present case by 



borrowing the techniques in [1T6| , |2^ . 



The mirror of Aic can be derived using the known mirror of Aix, and following 
the mirror pair through the conifold transition. The mirror manifold of Aix is given 
by H 

Wk: = 1 + e"" + e"" + e"-* + e-"+"-*-^ 

Here t and s are complex structure moduli mirror to the complexified Kahler pa- 
rameters of A4k- The physical, fiat coordinates t, s which measure the BPS D-brane 
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tensions are in this case given by e * = e */ ^ and e * = e for / = 1 + e * . In 
terms of these, the equation for Wk is given by 

Wk: xz = (l-e-^)(l-e^-*)+e-*(l-e^-*-^). (4.1 



where u and v are the open string counterparts of flat coordinates p2| (see also the 
related discussions in [25,26,2^), = e~"/~^ and e~" = e~'" f~^. In writing (4.1) 



we have absorbed a factor of / in z. This has a conifold singularity at s = where 
the manifold degenerates as 

xz = (l-e-"-e-")(l-e"-*), 

which is singular atx = = 2; = l — e~" — e~'" and u = t. We can blow this 
up to get a smooth manifold Wc, by replacing the conifold singularity with a P"*", 
parameterized by homogeneous coordinates pi, p2 

a:p2 = Pi(l-e-^-e-*) 

- - (4.2) 
zpi ^ P2il - e^-') 

In terms of the inhomogeneous coordinates, this gives Wc as a hypersurface 

xX = 1 -e"" -e"", 

in a patch with coordinates a;, A = P2/ pi,u,v. In the other patch, with y. A' = 
1/ A, -u, as coordinates, we have 

y\' = l- e--*, 

and the transition functions are inherited from (4.2). A D5 brane wrapping the 
holomorphic P"*^ above is mirror to the D6 brane on the 5""^ in M.c- 

4.1. Disk Amplitude 

The superpotential can be computed as in [^^. We have that 

w = [ n, 

Jb 



where O is the holomorphic threeform. 



O, = —dudv, 

z 
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and 5 is a three-chain which moves the holomorphic curve to a homologous one, see 
Fig. 6. The homologous 2-cycle is mirror to the Lagrangian brane with topology of 
X S^, and very far down the ladder it has a normal bundle which is 0{—2) + 0(0) 
and becomes supersymmetric. So in the very setup of this computation we see that 
the mirror connects the two different kinds of Lagrangian submanifolds smoothly. 
The north and the south pole of the curve move on the two Riemann surfaces 

u = i, = l-e-^-e-*. (4.3) 



u=t 



u 



V 



[3 



v~0 



Fig.6; The computation of the superpotential W reduces to the integral of a 1-form on the 
boundary of the shaded region D. 

In the following for simplicity of notation we drop the hats off the u,v,t. We can 
take the curves in the chain to be parameterized by v (see Fig. 6). The superpotential 
evaluates to 



W 



dz 



dudv 



'B ^ JdD 

where D is the shaded region in Fig.6. This gives 



udv, 



W 



J log{l-e-'')dv + tv. 



(4.4) 



The critical point of W is given by 

Note that in the classical limit, t » 0, the mass of v is ~ e*, so v is fixed at the 
minimum of the superpotential. The critical point of W freezes v at v ~ 0, which 
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is what one expects for the mirror of the Lagrangian brane. In this context the 
existence of a frozen v is consistent with the fact that the Lagrangian submanifold 
is not expected to have any moduh. 

On the other hand if we consider the regime v ^ 0, we have W ^ tv. This is 
hnear in v and can be viewed as an = 2 FI term, which is consistent with the 
fact that in this hmit the brane is the mirror of the S"^ x Lagrangian submanifold. 
Furthermore, in the region with v <^ 0, we have W ~ —v'^/2 + tv which reflects 
the fact that there are no classical special Lagrangian submanifolds there. Note, 
however, that in the non-classical regime (from the A-model viewpoint), where t ^ 
these branes become stable ai v ^ t. Thus we see that all the different classes of 
Lagrangian submanifolds are smoothly connected in the quantum theory. 

Note that for N D5 branes on the S'^, v is the scalar in the adjoint- valued chiral 
multiplet and trW{v) is the tree-level superpotential of the U{N) theory on the 
brane. 



4-2. Disk amplitude in the mirror A-model 

As discussed above, by mirror symmetry the equation (4.4) gives a tree-level 
superpotential of D6 branes on the in Aic- This is a good description in the 
classical domain where t ^ 0. The minimum of the superpotential with respect to 
V, located at (4.3) , coincides with the location of the holomorphic P-*^ in (4.2) . The 
value of the superpotential at the minimum is 



W(Vmin) = -Y] 2~- ( 



1 

n=l 



This is found by noting that 



W{Vmin) = j u{v)dv - t Vmin = - J v{u)du, 

and integrating by parts. As expected from the discussion of the previous section, the 
formula for the disk amplitude has the form which corresponds to a single primitive 
disk instanton of size t, ending on the D6 brane. 
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4-3. Geometric Transition and Large N duality 

With D6 branes on in Aic^ the natural generalization of the conjecture of 
1^ is that the large N dual is the theory on A^i^ with Ramond-Ramond flux. The 
flux is turned on through the 5"^ in A^^^ that is related by the conifold transition 
to the in Aic which the D6 branes wrap. The D6 branes disappear, and their 
Ramond-Ramond flux is supported by the 5"^. 

Topological A model open string amplitudes F^^ on A4c can in general depend 
on t, the complexified Kahler modulus of A^c- In the previous section we showed 
this explicitly for the disk partition function Fq^i. On the other hand, A4k has two 
Kahler moduli s, i, and closed topological A model amplitudes depend on both. This 
then implies that (2.4) naturally generalizes to 

oo 
h=l 

with S = s. To check this statement we would need to compute -FQ'(s,t), which we 
will now turn to. On the left hand side, we have computed F^^ for h = 1 and so we 
will be able to make a comparison for that case. Moreover we can also compute, as 
we will discuss below for arbitrary genus g, which yields a prediction for all 

the open topological string amplitudes. 

4.4- The effective superpotential 

We will now compute the effective superpotential using the large dual descrip- 
tion in terms of A4k with units of the RR flux through the P"*^ of size s. Using 
the large N duality, this gives a prediction for the open string amplitudes F^^^ for 
any number of holes /i on Al c" , which we can check for the case h = 1 that we have 
computed above. 

The superpotential on Ai^^ generated by the Ramond-Ramond flux is given by 

where here we denote the flat coordinates by s,t (i.e., drop the hatted notation). 
The superpotential is times the (instanton corrected) Kahler volume of the 4-cycle 
dual to the P"*^. The way to compute this is to use mirror symmetry and map it to 
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a classical period of the holomorphic three- form on Wk- From the equation of Wk, 
(4.1) and O = —dudv, we compute 



dz 



OsFq = / — dudv — / v{u)du, 
Jca ^ Jt+s 

where 

-j^ ^u—t—s 

v(u) = log[— -7- 7t]. 

V ^ ^^(1 _ e-")(l - e"-*)^ 

Above, A is an infra-red cutoff, regulating the infinite volume of the four-cycle. To 
the leading order in A, and up to a numerical constant, this is 

°° g-ns °° g-n(s+t) 



dsFo = -s{^-t-s)-Y,-^-Y. 



n=l n=l 

This structure for Fq can be interpreted as predicting the existence of two stable 
D2 branes one wrapped over the with volume s and the other as a bound state 
of branes wrapped over two P^'s with volumes s,t (see Fig. 3). Note that there is 
also another family of P^'s with volume given by t, but the number of BPS states 
associated with that will be determined only if one compactifies the model. At any 
rate, the derivative with respect to s, which is the only relevant information needed 
for the superpotential is insensitive to it. In fact, using the ideas in [^| , one can 



determine all the higher genus contributions for this topological theory. This yields 

-n{s+t) 



n>0 



e 

+ 



n(2sin(7i5fs/2))^ n(2sin(n(7s/2))^ 



up to a potential addition of s independent terms (and up to a polynomial of degree 
3 coming from genus and 1). 

4.5. Large N conjecture 

We now generalize the conjecture of [|12| to the case at hand. In fact the topolog- 
ical string computes more than just the superpotential, and so it is natural to identify 
all such quantities between the open and closed string side, as in [jl| (where it was 
noted that the higher genus topological amplitudes compute certain F-type terms 
in the dual gauge theory). In particular the statement is that the topological open 
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string, which includes contributions from arbitrary holes and genera, agrees with the 
corresponding genus contribution of the closed topological string, namely 



g,h 9 

where s = Ngs as in the conjecture of [0. However in this case, unlike |]12|, we do 
not have a complete computation on both sides to check the above predictions. 

We can compare the superpotential computation we have done here in the con- 
text of mirror symmetry, assuming the identification s = S between the closed string 
and open string. As for the open string computation we have only explicitly computed 
the contribution from configurations with one hole, which yields the superpotential 
(4.5). To compare contributions from one hole (since 5" counts the number of holes 
according to (4.6)) we expand Fq to first order in s, which is equivalent to putting 
s = for dgFo and we obtain (up to a constant addition) 

d,Fo{s = 0,t) = - ^ = WiVrmn) 

n=l ^ 

which is thus a check of the above conjecture. 

We can also ask about higher number of holes and genera. On the open string 
side these are not easy to compute with present techniques (though recent progress 
in this direction may shed light on it ). At any rate using the above structure 
yields a prediction. For example, if we consider genus 0, we can now extract the 
prediction for -Fo,/i, from the coefficient of s'^~^ of dFo{s,t). For general h we find 

oo h—3 
n=l 

which would be interesting to verify. The more general prediction we are making is 
that 

J^^iN,t,gs)=J'^{s = Ngs,t,g,) 

where 

^^(7V,t,^.) = yF^Jt)gl^-HNg,)^ 



9,h 



T^{s^Ngs,t,gs) = Y, 



n>0 



i{s+t) 



+ 



n(2sin(7i(7s/2))2 n{2sui{ngs/2)Y 
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(again up to an addition of a polynomial of degree 3). In particular Fg^hit) represents 
the topological string amplitude with genus g and with h holes ending on S^. It would 
be interesting to verify this prediction. This includes the contribution of the wrapping 



around the non-trivial class given by area t. This generalizes the conjecture of [[12 
to the case at hand. 



5. Transition (/ii,i, /i2,i) = (4,0) ^ (2,1) 

We now consider another local CY 3-fold, and its associated transitions, which 
we will later use to geometrically engineer Af = 2 gauge theories deformed to A/" = 1 
by the addition of the cubic superpotential term for the adjoint scalar. 

Consider Calabi-Yau manifold Aix given by the D-terms 



|xo 






\X2\'- 




= si, 


|a^3 




a^6p 


-2 




= tu 


\xo 




l^5|^ - 


a;4p — 


|a;6p 


= ■S2, 


\X2 




a;4p 


-2 




= t2, 



(5.1) 



and modulo the corresponding U{1)'^ action given by the charges for {xo,xi, ...,xq) 
Qs, = (1, 1, -1, 0, 0, 0, -1) Qt, = (-2, 0, 0, 1, 0, 0, 1) 

(5.2) 

Qs, = (1, 0, 0, 0, -1, 1, -1) Qt, = (-2, 0, 1, 0, 1, 0, 0) 



X2 



X] 



^3 



Xq 



X6 



S2 



X^ 



Xs 



Fig. 7; The toric projection of the geometry of a local 3-fold with (/ii,i, ^2,1) = (4, 0). 
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This has two conifold singularities as si^2 go to zero. In fact, for t2 very large, 
the local geometry in the a;o,i,2,3,6 ^ind 0^0,3,4,5,6 coordinates is the one we studied in 
the previous sections. One can therefore expect, that one can continue beyond the 
singularity to a topologically distinct manifold Aic, with the two S'^^s replaced by 
two 5'^'s. This is true, apart from the fact that there is an obstruction to blowing up 
the two /S'^'s independently. This is because in Mr there is a four-cycle C represented 
for example by = locus. This four cycle intersects both S'^'s: 

#(Cns!) = i = i^iCnSl). 

Upon contracting the and S2 to zero size the four cycle gets punctured by the two 
conifold singularities, and blowing up the S^^s it becomes a four-chain. Consequently, 
the S^^s are homologous and there is only one three-cycle class in Ale- The transition 
is shown in figure 8. 




Fig.8; The transition of (/ii,i, h2,i) = (4, 0) (2, 1). Note that the dashed hnes correspond 
to two 's in the same H3 class. 

5.1. D branes and mirror symmetry 

We can consider wrapping some number D6 branes on the supersymmetric 
three-cycles 5"^ 2- The massless fields on the D6 branes clearly give a U{Ni) x U{N2) 
gauge theory with J\f — 1 supersymmetry and with no massless matter, for generic 
values of ti,2- The D6 brane theory, however, has at sufficiently high energies a 
U{Ni + N2) gauge invariance, since the cost in energy in bringing the two groups of 
D6 branes together is finite. Furthermore, there is a massive adjoint chiral multiplet v 
parameterizing the Lagrangian deformations of the three-cycles, with a superpotential 
TrW{v) that has two vacua. In this subsection, we will use mirror symmetry to 
compute the details of W{v). 
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The mirror manifold to A4k is given by 



Wk- = 1 -e"^ -e"^ -e^-*^ -e^-*^ +e-"+"-*i-'i +e"+"-*2-*i-*^ (5.3) 

This has a singularity as si,2 approach zero (Note that si,2 are not flat coordinates 
here. Consequently, we may only expect si^2 for ti 2 — > 00.) where it degenerates 
as 

xz = ((1 - e-*)(l - e*-*2) - e-^)(l - e^-*^- (5-4) 
Here, e~*^ = e~^^ {l + e~*'^)/ e"*^ = e~*'^/f'^, and si, S2 are fixed in terms of these: 

e-^i =//(l + e-*2) = e-"^ 

We have defined / = 1 + e"*^ + e"*^ and absorbed a factor of / in the definition of z. 
In addition, we redefined e~" = e~"//, e~'" = e~^//, where m, v are open string flat 
coordinates in this locus in the complex structure moduli space. Again for simplicity 
of notation we drop the hats off of the variables. As before this geometry can be 
blown up to a smooth manifold Wc that is mirror to Ale ^ 

a;p2 = Pi((l-e-^)(l-e--*^)-e-'^) 

(5.5) 

^pi=P2(l-e--*0, 

where pi 2 are homogeneous coordinates on P-*^. 

We can compute the tree- level superpotential W{v) from the holomorphic Chern- 
Simons action as before: 



W{v) 



J u{v)dv = - J log[{l - e-^)(l - e''-*^)]dv - ti v. (5.6) 



This corresponds in the D6 brane language to two primitive disk instantons of actions 
V and t2 —V that wrap two "halves" of the holomorphic P-*^ in Ale > see flgure 9. 

18 



Fig.9 The tree level superpotential for the adjoint scalar v is generated by two primitive disk 
instantons, whose actions axe v, t2 — v. Integrating out v, this gives rise to superpotential 
for t2 , generated by a single disk of size t2 ■ 

This has two minima at two solutions of 

u = ti, 6-^^ = (l-e-^)(l-e^-*2). 

Putting A^i^2 D5 branes on the two holomorphic P-'^'s located at the two minima, 
we get the mirror of the D6 brane configuration at its vacuum. Note that for large 
ti ^ the minima are at v = and v = t2 which are the classical locations for the 
two mirror S^^s. For other values of ti the story is similar to what we discussed in 
the context of the previous example where the classical topology of the mirror brane 
changes. 

5.2. Large N dual 

Just as in the previous example one naturally proposes a large N duality where 
we wrap Ni,N2 D6 branes around the two S^^s in the same class and on the dual 
side the branes disappear and are replaced by two -S^'s in different classes of sizes 
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Si, 52- The sizes of the two S'^'s are fixed in terms of the two integers A^i, N2 and the 
volume of 5''^, given by Y . The relation is found by extremizing the superpotential 

i=l,2 * 

The first term above is generated by Ni units of Ramond-Ramond flux through Sf in 
M.K and is the volume of the dual four-cycle. Furthermore, Y is the holomorphic 
volume of the dual three-cycle class the D6 branes were wrapping, just as in [|l|. 

This is the formulation of the large duality in the IIA superstring setup. 
However we can also recast it as a purely topological string duality. In that context 
we have 

^^(iVi,iV2,il,i2,^s) =^^(si,S2,tl,i2,^7s) 

where Si = NiQs and JF^ and JF*-^ denote the topological string amplitudes before 
(where we have D-branes) and after transition (where branes disappear) respectively. 
With the present technology we can compute J-''^ at least at the level of genus and 
with localization formula to higher genus as well, though all genus computation is 
not available. Similar comments apply to the left hand side (using the techniques 
discussed in ||2^). It would be interesting to check the predictions made here. 



5.3. Geometric engineering of M = 1 QFT's 

We have seen in the above example that there are two minima for the superpo- 
tential, which in the classical limit ti ^ are mirror to the two S^^s, which are in 
the same class. This is a mirror situation to the model studied in [pO|,p| where there 



were two S'^'s in the same class which were obtained by deformations of a geometry 
where the two S'^'s coalesced. This was used to geometrically engineer A/" = 1, U{N) 
gauge theory with an adjoint field with a cubic superpotential VF($). The two 
critical points of W corresponded to two holomorphic 5'^'s and one can distribute 
= A'^i -|- N2 branes by wrapping A'^i around one 5"^ and N2 around the other. This 
was found to have the interpretation of the Higgsing U{N) U{Ni) x U{N2). 

Here we wish to consider a limit where the above theory is realized in the type 
IIA setup. For this reason we have to consider the limit where both S^^s are very 
close to each other, or more precisely in the quantum theory, where the critical 
points of the superpotential are very close. We will now consider such a limit to 
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geometrically engineer the above gauge theory in the context of type IIA. Let us 
rewrite the superpotential (5.6) in the form 

dyW = log 

where 

2 

It is easy to see that the condition that the two critical points be the same is that 

at which point both minima are ai v = v — ^ = 0. 
We thus take 

/3 = (l-a)2 + e2 

where e ^ 1. Expanding the superpotential in this region, near v ^ 0{e) we obtain 

dvW = —^^[av^ + e'']. (5.7) 
(1 — aj^ 

In other words W{v) is a cubic superpotential. Note that there are two parameters 
controlling a cubic superpotential (up to shifting the variable and addition of constant 
to W) and these are captured by a and e above. 
In this limit the mirror geometry Wc becomes 

xz = u{{l — a)'^u — (xv^ — e^). (5.8) 

We used the fact that w = ti at the critical point to expand u = ti + u where 
u ~ 0{e^). This describes a local Ai singularity in u — x — z space fibered over 
the V plane. As a check, we can compute the superpotential directly from (5.8) . 
W = J ^-dudv = / {av'^ + e'^)dv in agreement with (5.7) and the results of 0. 

At large A^, the theory of D6 branes on A4c is better described by geometry 
of A4k with Ramond-Ramond fiirxes turned on, as we discussed above. Now we 
wish to consider the limit of the above large N duality in the context of geometric 
engineering of A/" = 1 QFT's we are presently considering. 
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The limit of relevance, just as in [|T| is where the corresponding blow ups si, S2 
are small. This implies that the dual large description, where the branes have 
been replaced by fluxes is given by 

xz = ((1 - e-*)(l - e*-*^) - e-^)(l - e^'^') 

where Si = + 5^, and 2 = //(! + ci^) is the value of the non-flat coordinate at 
the conifold point, as before. This carries over in the local limit to deformation of 
(5.8) as 

xz = u{{l — a)'^u — av^ — e^) — a{s\ + S2 — (si — S'2)v). 

The flat coordinates which to the leading order agree with s\^2 are dual to gaugino 
condensates corresponding to the low-energy gauge group U{Ni)xU{N2). Note that 
the deformations of the geometry corresponding to blowing up the S^^s in the mirror 
Wc involves terms which have coefficients 1, as anticipated in by normalizability 
of the corresponding harmonic form. From this point on, the analysis of the large 
duality is identical to that done in in the context of type IIB strings. In fact, we 
can interpret the results of as providing a check for a particular limit of the type 
IIA duality we have conjectured here. 

5.4- Geometric Engineering of Af = 1 Aj. Quiver Theories 

In this section we briefly outline the relevant type IIA geometry which would 
realize the large dualities for = 1 Ar quiver theories, studied in These can 
be viewed as deformations of A/" = 2 quiver theories with addition of a polynomial 
superpotential of degree p -f 1 in the adjoint flelds. An example of relevant type IIA 
geometry before and after transitions would look like that shown in flgure 10. The 
new aspect that arises for r > 1 is that there is bifundamental matter from strings 
stretching between D6 branes wrapping three-cycles in different homology classes. 
We give an example in the flgure below for the case of A2 quiver theory: 

22 



Fig. 10 Type IIA geometry for Ar=2 quiver theory with a superpotential that is quintic in 
the Gelds, for every node of the quiver. The bold dashed lines represent Lagrangian S'^ x 
cycles. The four critical points of the superpotential for each gauge factor corresponds to 
the four thin dashed lines. Also shown in the figure is the corresponding large N dual with 
the hranes replaced hy fluxes through the corresponding 2-cycles. 

This has two classes in Hs{AiK) and we can wrap Ni, i = 1,2 D6 branes on them. 
There are Lagrangian representatives of this, that are of topology S'^ x S^, and they 
engineer the M = 2 theory. There are U{Ni) valued vector Af = 2 vector multiplets, 
whose adjoint scalars move the three-cycles up and down the ladder, just as in the 
Ai case discussed above. The hypermultiplets arise from three-cycles that can meet 
along an S^, and in this case there is a bifundamental in (A'^i, N2)- Supersymmetry is 
broken by superpotential generated by disk instantons. Since there are p = 4 vacua 
for each gauge group, in appropriate local limit this engineers a quintic superpotential 
for the adjoint chiral multiplet of each gauge group. 

It is clear that we can repeat the same kind of analysis we did above for the case 
of Ai with a cubic superpotential. We leave that to the interested reader. 

6. M-theory and geometric transitions 

Type IIA string theory compactified on a Calabi-Yau manifold Ai with Ramond- 
Ramond two form flux [F] G H^{Ai, Z) turned on lifts to M-theory compactified on 
a manifold of G2 holonomy. D6 branes wrapped on special Lagrangian submani- 
fold of Calabi-Yau manifolds also get geometrized in M-theory on a manifold of G2 
holonomy. This implies that large N dualities of 0] lift to purely geometric transi- 
tions of G2 manifolds, with no branes or flux. It was shown in P] that the large 

23 



duality of relating D6 branes on T* and 0{-l) + 0{-l) ^ with flux 
is a geometric transition of a G2 holonomy manifold that is a spin bundle over 5""^. 
For some other work on manifolds of G2 holonomy in the context of M-theory see 



P,|32|,|33|J33,|35|,|36|,B7| 



In this section we consider the lift of type IIA compactifications discussed in 
previous sections to M theory. We flrst construct the G2 manifold by asking what a 
transverse M2 brane probe sees. We then discuss what the large dualities mean 
in terms of transitions in this context. 

6.1. M2 brane probes 

Consider a D2 brane probe of A^k- In the absence of flux, the theory on a single 
D2 brane is a three-dimensional M = 2 gauge theory, and M.k arises as the classical 
Higgs branch, li M.^ is a toric manifold, the theory on the D2 brane at a generic 
point in Jvi^ is, apart from the "center of mass" t^(l)o gauge field, the linear sigma 
model introduced in . 



Namely, the theory has gauge group t/(l)o X G where G = [11=1 U{l)a, and 
+ 3 chiral multiplets Xj,z = l,...A^ + 3 together with D-terms: 

i 

where a = 1, . . . N gives the charge vector under U{l)a. Then is given by a 
set of minima of D-term potential, modulo G. We used this well known construction 
in the previous sections. 

Note that generators of the compact cohomology H^'^^Aix) are in one to one 
correspondence with the gauge-group factors. Moreover, the periods of the complex- 
ified Kahler form in H2{M.k-, Z) are linear in Fayet-IUiopolous parameters r^. The 
theory on the D2 brane flows in the infra-red (7^ ^ c)0, to a non-linear sigma model 
on M.K X S^-, where the factor comes from dualizing the c.o.m U{1)q to a periodic 
scalar (f). This theory is naturally interpeted as arising on the M2 brane probe in 
M-theory compactiflcation on A^^^ x 5"^. 

Consider now turning on Ramond-Ramond two-form flux whose class 

[pRR] eH^iMK]Z) is 

pRR ^ jya^ 

24 



Ramond-Ramond flux breaks supersymmetry of tlie bulk theory from A/" = 2 to 
A/" = 1. The RR flux reduces the number of linearly realized supersymmetries in 
the world- volume theory of the D-brane to two real supercharges, or A/" = 1 in 
three dimensions. Moreover, the flux must deform the D2 brane theory so that 
the Higgs branch is topologically the G2 manifold of the corresponding M-theory 
compactification. 

Let Aq denote the gauge fleld of the c.o.m. L'^(l) and Aa be the gauge flelds of 
G. Then, as we will argue below, the above flux turns on the coupling: 



^iv^y Ao 



A Fa, 



on the D2 brane world volume. In string theory, this is completed to an interaction 
that respects Af = 1 supersymmetry, but breaks Af = 2 [^. We derive this in the 



general setting. Later, in a special case, we provide an alternative derivation of the 
above result. 

The instantons of the two dimensional gauge theory (which are vortices in the 
three-dimensional sense) are fleld conflgurations that describe holomorphic maps from 



the worldvolume into Aix |T3- particular in the instanton sector with wrapping 
numbers we have j Fa = ka- Now we recall that on the D2 brane world volume 
there is a Wess-Zumino term 

' C^^AFo = [ F^^AAq. 



For an instanton conflguration, the pulls back N^'ka where A^" is the corre- 

sponding RR flux through the a-th cycle. However, this term can be generated in 
the worldvolume theory by the substitution N"-Fa, noting the relation of the 

instanton number with the vortex number, which thus means that this is equivalent 
to having the Chern-Simons term 



AAo 



on the D2 brane worldvolume as claimed above. 

For a special case we can also derive the above result from a different point of 
view. Let Mr = 0{-l) + 0(-l) P^, with units of RR flux through the P^, 
and consider a D2 brane on this space. If we blow down the P"*^, the manifold develops 
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a singularity and the D2 brane theory develops a new branch where the brane splits 
into a D4 brane and an anti-D4 brane wrapped around the vanishing P"*". In terms 
of the wrapped D4 branes, the effect of the RR flux is transparent, and enters the 
action via the WZ term / C^^ AF A F = J^^ J AAF. It remains to relate the 
gauge fields A± on the D4 brane and the anti-D4 brane to those on the D2 brane 
linear sigma model, and the answer for this is (see e.g. [p9| ) 



where Aq gauges the c.o.m. U(l)o as above, and one recalls that G = ^7(1)1. In 
terms of A±, the four chiral multiplets transform as "bifundamentals" . From the 
WZ terms we then have 



where the left hand side takes into account opposite worldvolume orientation of the 
D4 brane and the anti-D4 brane. This is in agreement with the general result derived 
above. 

6.2. Higgs branch as a G2 holonomy manifold 

We now want to understand how this Chern-Simons term affects the Higgs 
branch, which gives the geometry of the target space as seen by the M2 brane. 
The answer is simple. In relating the D2 brane of type IIA to M2 brane in M-theory, 
the c.o.m. t^(l)o gauge field Aq is dual to the compact scalar (p on the M2 brane 
parameterizing the position of the brane on the M-theory circle. The only coupling 
of Aq to the linear sigma model sector is via the interaction (6.3). To dualize Aq, 
introduce a dynamical vector field B and replace the action / |-FoP + X]a / AoAN°-Fa 
with J\B\^ + {B + ^^N''Aa)AFo. Completing the square in S, the B path integral 
becomes gaussian, and integrating over B the action reduces to previous one. On the 
other hand, integrating over Aq we find 



A± = -(Ai±Ao), 



{A+AF+-A-AF-)=N AqA Fi, 



(i(S + ^iVM„) 



0-^ B = d(/}-J2 



a 



a 



and the action becomes 




a 
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and the dual scalar (/> picks up a logarithmic charge. Note that ^ is a real periodic 
variable. 

The logarithmically charged real scalar does not affect the D-terms as it is cou- 
pled minimally in the M — 1 sense . The Higgs branch is thus the space of minima 
of potential, 

i 

in C^"'"'^ X modulo gauge equivalences: 

a 

This gives a manifold Q which is guaranteed to admit a metric of G2 holonomy. 

How do we recover the type IIA string theory we started with? Since (j) is 
identified as the 11-th circle, ignoring it would give the type IIA geometry, which 
is indeed the Calabi-Yau 3-fold. Moreover the fact that the [/(l)"'s act on (f) in the 
way indicated above, implies that, upon including the corresponding S"^ becomes a 
base of a Hopf fibration S'^ with flux number A^". This is indeed the expected 

flux from the viewpoint of the type IIA theory. 

We now apply this to the examples above: 

6.3. G2 lift of Mk with /i2,i) = (2,0) 

In this case, M.k is given by (3.1) 

+ |iC4|^ — \x2\^ — l^csl^ = s, l^al^ -|- l^sl^ — 2|a;4p = t, 

with two U{1) actions of charges Qs = (1,-1,0,1,-1), Qt = (0,0,1,-2,1). We 
consider turning on units of RR flux through the P-*- at X2 = = X5. 

Following the discussion above, to get Q we add the M-theory circle scalar (p 
that has logarithmic charge under U{l)s. Using U{l)s we can flx (p to arbitrary 
value, leaving an unbroken Zn subgroup of the U{1) under which (p is invariant. As 
a consequence, Q is an orbifold by Zn G U{1)s. 

Consider now the topology of the manifold in M-theory. This has two compact 
three-cycles. 
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At a;2 = = ^5, the D-terms give \xi\'^ + \x4\'^ = s, j^sp = 2|a;4p + t. For finite 
t, X3 is determined in terms of xi^2 and it never vanishes, so U{l)t simply removes 
its phase. We are simply left with the three-cycle 

I |2 , I |2 

\Xi\ + \X4\ = S. 

The Zjv action identifies 

xuX4r^x^e''^'/'',x^e^^'/'', 

so the three cycle is in fact S^/Zjsf. 

The other three-cycle is at X2 = = X4, where |x3p + |x5p = t, ja^ip = |iC5p + 
Dividing by ^7(1)^ together with the first equation gives an S^. From the second equa- 
tion, we can solve for \xi\'^ but not for its phase, as the discrete group action only 
makes the corresponding circle smaller. This gives an S"^ x S^. 

We can compactify this to type IIA string theory by "forgetting" 0, or equiva- 
lently introducing a new U{1) action under which has charge one and the rest are 
neutral. This gives back Mr with N units of fiux through the S'^ which comes from 
the S^/Zts!. 

6.4. G2 lift o/Mk with (/ii,i,/i2,i) = (4,0) 

Consider the Calabi-Yau manifold Mr given by the D-terms (5.1) 



\xo 


\' + 


kip ~ 


\X2\ — 




= Sl, 


\X3\ 


\' + 


\xq P — 2 I^cq I ^ 


= tl, 


\xo 


l' + 


\X5\^ - 


\X4\^ — 


\xe\^ 


= S2, 


\X2\ 


\' + 


\X4\^ — 2\xo\^ 


= t2, 



modulo G — U{1)'^. The corresponding charges of x's can be read off from above: 
Qs, = (1, 1, -1, 0, 0, 0, -1), Qt, = (-2, 0, 0, 1, 0, 0, 1) and Qs, = (1, 0, 0, 0, -1, 1, -1), 
Qt, = (-2,0,1,0,1,0,0). 

Let us turn on A^i units of fiux through the P-*^ at 0:2 = = a^e, and N2 units 
of fiux through the P-*^ at 0:4 = = a^e. The M-theory manifold Q has an additional 
periodic scalar which has charge A^i under the first and A^2 under the third U{1) 
and zero for others. 

The geometry of the minimal cycles is as follows. At 0:2 = = a^e, we find 

I |2 I I |2 
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and |x3p = 2|xoP + ti, |x4|^ = 2|xoP + ^2, and jxsp = |xoP + ti + S2. For finite t, 
1^11,4,5 determined in terms of xo,i and never vanish. We can use t^(l)s2,ti,t2 to 
fix the phases of 0:3,4,5 This leaves (6.8) together with C/(l)si action: 

which is an S'^/Zat^. 

Considering the locus = = xq, analogous argument gives an S^/Zn^. 

6.5. G2 transitions 

Up to now we have talked about how to lift the type IIA geometries we have 
considered in the phase where we have iS^'s with fiuxes through them. For each one 
of them, we can have two other phases in the type IIA description: One where the 5"^ 
undergoes a fiop to another 5"^ with the corresponding Kahler parameter t —t and 
another transition where 5"^ S^. The transition of the fiop type already can be 
described as we have done above and lifts in M-theory to smooth G2 manifolds. The 
other transition, as we know from the type IIA, involves D6 branes wrapped around 
S'^'s, which would lift, in M-theory, to singular G2 geometries where locally each 
corresponding is the locus of an An.-i singularity. Aspects of this local three 
phases system has been studied from the viewpoint of M-theory on G2 holonomy 



manifold in 1 11 ] . An equivalent setup where the three phase system can be seen and 



studied perturbatively in string theory was discussed in |]ID 

In the examples we have studied the local geometries are of the kind already 
studied, thus the same transition still continues to be valid, except that sometime 
the corresponding S^^s are not independent, and represent the same class in the 
G2 holonomy manifold. This would be the case for our second example where the 
corresponding S'^'s are in the same class, one would be a locus of an Ajy-^^-i singularity 
and the other would be a locus of an An^-i singularity, as would follow from the 
lift of the corresponding type IIA geometry. Note that for the case of A'^i = N2 = 1 
the lift of both sides to M-theory involves smooth G2 holonomy manifolds. In that 
case the transition /i2,i) = (4,0) (2,1) implies a transition of local G2 

holonomy manifolds. On the side corresponding to the lift of (/ii,i, /i2,i) = (4,0) we 
have the local G2 manifold with compact betti numbers given by (^21 ^Si ^47 ^5) = 
(2,4, 1, 1) where the 2-cycles can be realized by two S'^'s (corresponding to the t^) 
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the four 3-cycles are realized by two S^^s corresponding to Sj's and two S"^ x S^^s 
corresponding to ti, the 64 corresponds to 5"^ x 5"^ reahzed by the ii,t2 spheres, 
and the 65 corresponds to the same 4-cycle times the 11-th circle. On the side with 
(^1,1, ^2,1) = (2, 1) we have the local G2 manifold with compact betti numbers given 
by (62,^3,^4,^5) = (2,3,0,0) as one can verify by considering the lift of various 
cycles to M-theory. It is amusing to note that with our techniques, not only we 
are predicting a smooth transition among these G2 holonomy manifolds, but we are 
actually computing the exact superpotential generated by the M2 branes wrapping 
the non-trivial 3-cycles, which is the lift of the superpotential computations we have 



done here, as noted in similar cases in 221. 



7. Linear sigma models, G2 manifolds and mirror symmetry 

In the previous section we found the worldsheet theory seen by an M2 brane 
propagating on a G2 holonomy manifold. If we compactify M-theory on a further 
circle down to three spacetime dimensions, we can identify the worldvolume theory 
on M2 brane wrapping the with the worldsheet probe in the same G2 holonomy 
manifold. This can be viewed as an A/" = 1 deformation of an A/" = 2 supersymmetric 
gauge system as discussed before. Namely we have the H^i U{l)a gauge system with 
Xi chiral superfields, where i = 1, -|- 3, with charges Q^, and a real periodic 
scalar field (f) with shift symmetry gauged according to 

a 

Note that is an A/" = 1 multiplet and it only couples to the Af = 1 gauge supermul- 
tiplets of the M = 2 system. This coupling breaks the M = 2 supersymmetry of the 
worldsheet to M = 1. Note that the vanishing of the /3- function for the Fl-term that 
was crucial for existence of a conformal fixed point in the IR for the Calabi-Yau linear 
sigma model is not spoiled, perturbatively, by the addition of the periodic scalar (j) 
with logarithmic charge. This suggests that there is no obstruction in the present 
case for this theory to flow to a conformal theory corresponding to a sigma model on 
a G2 holonomy manifold. 

It is natural to apply the idea of mirror symmetry to this context. For previous 
studies of mirror symmetry in the context of G2 holonomy manifolds see P0|,|3T[] . The 
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idea is rather simple: we dualize the phases of the linear sigma model fields X^, as in 



2J] , as well as the circle represented by (f). Let us first discuss the dualization of the 
circle cj). Recall that in the D2 brane worldvolume this was dual to a t^(l)o gauge 
field which coupled to the other gauge fields by a BF Chern-Simons terms. Dualizing 
the 2d scalar cj) in the 2d sense, is equivalent to first dualizing cf) in the 3d theory in 
terms of gauge field, and then identifying the dual scalar 6 with the component of the 



gauge field along the circle taking us from three dimensions to two dimensions 



Note that this gives rise in the 2d theory to an interaction of 6 with the M = 2 gauge 
system by 

i=l i 

In other words, for a fixed value of 9 this effectively shifts the theta angle of the i-th 
gauge group by Ni9. 

If we stop at this stage we have a dual description of the G2 holonomy manifold, 
in terms of a Calabi-Yau 3-fold times a circle parameterized by 9 where the fiber 
Calabi-Yau has some S-field moduli varying over the circle. More precisely, the B- 
field moduli are the theta angles in the gauge theory, and so in this description we 
have Hns fiux. This kind of mirror symmetry exchanges the type II A and type IIB 
superstrings because it involves the application of a single T-duality. 

It is more interesting to get a purely geometric description for the mirror without 
a fiux. For this purpose, we can continue the dualization to the rest of the fields using 
the results of For this purpose, we assume, using the adiabatic principle, that 



we have a slowly varying 9 field. In this way we obtain a dual geometry, as in 
but for which the 9 variable appears in the defining equation. More precisely, it was 
shown in (see also [^) that the mirror geometry for the local 3- fold is given by 

xz = F{u, V, ti) 

where x,z,u,v are complex coordinates and ti are the complexified Kahler parame- 
ters, which on the mirror play the role of complex structure. Here, all we have to do 
to get the G2 mirror is to replace ti —>■ ti + iNi9. In other words the G2 mirror is 
given by the locus in x C"^* x S"*^ satisfying 

xz = F{u, V, ti + iNi9) 
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Note that this mirror symmetry takes type IIA strings back to type IIA strings, and 
type IIB strings back to type IIB strings, as we have duahzed the extra circle (j) in 
addition to that of the Calabi-Yau 3-fold. It would be interesting to see what new 
predictions this mirror formulation would lead to in the context of compactifications 
of superstrings on G2 holonomy manifolds. 
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